A new solution of the complex action problem and the dynamical space-time in the IIB matrix model by Anagnostopoulos, K N & Nishimura, J
A new solution of the complex action problem
and the dynamical space-time in the IIB matrix model
K.N. Anagnostopoulos1 and J. Nishimura2z
1 Department of Physics, University of Crete, P.O. Box 2208, GR-71003 Heraklion, Greece
2 The Niels Bohr Institute, Blegdamsvej 17, DK-2100 Copenhagen Ø, Denmark
(preprint NBI{HE{01{08, hep-th/0108041; August 8, 2001)
Monte Carlo simulations of the IIB matrix model, which is conjectured to be a nonperturbative
denition of type IIB superstring theory in ten dimensions, are dicult due to a technical problem
known as the complex action problem, which occurs also in many other interesting systems. We
propose a new method to circumvent this problem, and apply it to the 6D version of the IIB matrix
model. Our preliminary results clearly show that the phase of the fermion integral plays a crucial
role in the possible dominance of four-dimensional congurations.
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Introduction.— Superstring theory has been consid-
ered as the most promising candidate for the fundamen-
tal theory of elementary particles, which can incorporate
quantum eects of gravity consistently. It is a unied
theory, in which all the four interactions are described
by splitting and merging of strings. Moreover, recent de-
velopments concerning string dualities suggest that vari-
ous types of superstring theories in ten dimensions, which
were formerly considered to be inequivalent to each other,
are merely dierent descriptions of a unique underlying
theory.
In spite of all these nice features, there is still a gap
between superstring theory and the real world. One of
the biggest puzzles is that the space-time dimensionality
which naturally allows a consistent construction of the
theory is ten instead of four. A conventional approach
employs compactications, but then one has to give up
its predictive power concerning the dimensionality.
As an alternative approach, one may expect our 4d
space time to appear dynamically in 10d superstring the-
ory if one treats the theory nonperturbatively. Such
a possibility has been pursued in Refs. [1{6] using the
IKKT Matrix Theory [7,8] (or the IIB matrix model),
which is conjectured to be a nonperturbative denition
of type IIB superstring theory in ten dimensions. This
model [8] is a supersymmetric matrix model composed
of 10 bosonic matrices and 16 fermionic matrices, where
the bosonic matrices represent the dynamical space-time
[1]. Our four-dimensional space-time may be accounted
for, if congurations with only four extended directions
dominate the integration over the bosonic matrices. It
is suggested that the phase of the fermion integral must
play an important role if such a phenomenon really oc-
curs [2,4,6]. The eect of the phase has been studied
within a saddle-point approximation [3], and it was con-
cluded that the dimensionality of the dynamical space-
time should be 3  d  8.
In this Letter, we study the eect of the phase by
Monte Carlo simulations. In general, Monte Carlo evalu-
ation of an integral involving a phase becomes extremely
dicult as the system size increases. We propose a new
method to circumvent this problem and apply it to the
6D version of the IIB matrix model.
The model.— The IIB matrix model [8] is formally a
zero-volume limit of D = 10, N = 1, pure super Yang-
Mills theory. The partition function of the model (and
its obvious generalizations to D = 4; 6) can be written as
Z =
Z
dA e−Sb Zf [A] ; (1)
where Aµ ( = 1;    ; D) are D bosonic N N traceless
hermitian matrices, and Sb = − 14g2 Tr ([Aµ; Aν ]2) is the
bosonic part of the action. The factor Zf [A] represents
the quantity obtained by integration over the fermionic
matrices, and its explicit form is given for example in
Refs. [3,9]. The convergence of the integral (1) for ar-
bitrary N  2 was rst conjectured [10] and proved re-
cently [11]. The only parameter g in the model can be
absorbed by rescaling Aµ 7! pgAµ, which means that g
is merely a scale parameter rather than a coupling con-
stant. Therefore, one can determine the g dependence of
any quantities on dimensional grounds [12]. Throughout
this paper, we make our statements in such a way that
they do not depend on the choice of g.
In this model space-time is represented by Aµ, and
hence treated dynamically [1]. It is Euclidean as a result
of the Wick rotation, which is always necessary in path
integral formalisms. Its dimensionality is dynamically
determined and can be probed by the moment of inertia




Tr (AµAν) ; (2)
which is a D D real symmetric matrix. The D eigen-
values 1 > 2 >    > D > 0 of the matrix T are the
principal moments of inertia. Let us dene the VEV hOi
with respect to the partition function (1). If we nd that
hii with i = 1;    ; d is much larger than the others, we
may conclude that the dimensionality of the dynamical
space-time is d .
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The complex action problem.— The fermion integral
Zf [A] in the partition function (1) is complex in general
for D = 10, N  4 and for D = 6, N  3 [3]. Let us
restrict ourselves to these cases in what follows. Param-
eterizing the fermion integral as Zf [A] = exp(ΓR + iΓ),
the partition function (1) may be written as
Z =
Z
dA e−S0 eiΓ ; (3)











dA e−S0 : (5)
The VEV h  i0 can be evaluated by standard Monte Carlo
simulations. However, the fluctuation of the phase Γ in
(4) grows linearly with the system size, which is of O(N2)
in the present case. Due to huge cancellations, the num-
ber of congurations required to obtain the VEVs with
sucient accuracy grows as econst.N
2
. This is the notori-
ous ‘complex action problem’ (or rather the ‘sign prob-
lem’, as we see below), which occurs also in many other
interesting systems (See Refs. [14] for recent works).
In fact we may simplify the expression (4) slightly. We
note that under parity transformation : AP1 = −A1 and
APi = Ai for (2  i  D), the fermion integral Zf [A]
becomes complex conjugate [3]. When the observable O
is parity even, O[AP ] = O[A], as is the case with all the
observables that appear in this Letter, we can rewrite (4)
as
hOi = hO cos Γi0hcos Γi0
: (6)
Note, however, that the problem still remains, since cos Γ
flips its sign violently as a function of Aµ.
The method.— It turns out convenient to normalize




The quantities hii0 can be obtained by standard Monte
Carlo simulations [15]. Let us consider the distribution
of ~i dened by
i(x) = h(x − ~i)i : (8)







i (x)wi(x) ; (9)
where C is a normalization constant given by C =
hcos Γi0, and (0)i (x) = h(x − ~i)i0. The function wi(x)
is dened by
wi(x) = hcos Γi0,~λi=x ; (10)
where the symbol h  i0,~λi=x denotes a VEV with respect
to the partition function
Z0,~λi=x =
Z
dA e−S0 (x− ~i) : (11)






ln wi(x) ; (12)









ln (0)i (x) : (13)
The measurement of wi(x) suers from the sign prob-
lem, but we can obtain it as far as N is not very large.





scales in N ; it converges to a certain function of x as
N increases. This scaling behavior is reasonable, if one
recalls the usual argument concerning the sign problem;
see below eq. (5). Once we are able to extract the scaling
function i(x), we plug ln wi(x) = N2i(x) into eq.
(12). Since f (0)i (x) in eq. (12) is accessible by a standard
Monte Carlo technique, we can obtain fi(x) for much
larger N than the values of N which allow the calculation
of wi(x).
Monte Carlo Simulation.— The functions f (0)i (x)
and wi(x) can be obtained conveniently by simulating
the model described by the partition function
Zpot(V; i) =
Z
dA e−S0 e−V (λi) ; (15)
where V (i) is some potential introduced only for the i-
th principal moment of inertia. The potential should be
chosen in such a way that ~i fluctuates around a given
value of x. The forms used in this study were V (i) =
i for x  1, V (i) = =i for x  1, and V (i) =
1
2γ(i− x)2. We found that the results are insensitive to
the particular choice.
Let us denote the VEV associated with the parti-
tion function (15) as hOiV,i. We measure hcos ΓiV,i and
hiiV,i. By plotting hcos ΓiV,i against x = h~iiV,i, we may
obtain wi(x). Next we note that the partition function
(15) can be written as
2
Zpot(V; i) = Z0
Z
dx(0)i (x) expf−V (hii0x)g : (16)
Therefore, x = h~iiV,i solves the equation
f
(0)
i (x) = hii0  V 0(hii0x) : (17)
By plotting hii0  V 0(hiiV,i) against x = h~iiV,i, we are
able to obtain the function f (0)i (x).
Monte Carlo simulation of (15) can be performed by
using the algorithm developed for the model (5) in Ref.
[9]. The required computational eort is O(N6). In this
work, we use instead the low-energy eective theory pro-
posed in Ref. [1] and further developed in Ref. [4]. The
required computational eort becomes O(N3). The va-



















FIG. 1. The function 4(x) =
1
N2
ln w4(x) is plotted
against x for N =12,16,18,20. For x < 1 we also plot data for
N = 4, 8 to clarify the convergence. The solid line represents
a t to some analytic function. The dashed line represents
the corresponding t in the case of 5(x).
Results.— In what follows, we present our results for
the D = 6 case. In Fig. 1, we plot 4(x) = 1N2 ln w4(x).
As announced below eq. (14), we observe a scaling behav-
ior as N is increased. The function 4(x) has a minimum
at x  1. This can be understood as follows. At x = 1,
the system (11) is almost equivalent to the system (5)
(From this, it also follows that wi(1) takes almost the
same value for all i). Therefore, the dominant congura-
tions become isotropic as N increases according to [15].
On the other hand, the dominant congurations of the
system (11) at small x are (i − 1)-dimensional, while at
large x they become close to i-dimensional. Let us recall
that the fermion integral Zf [A] is positive semi-denite
when the conguration A has the dimensionality d  dcr,
where dcr = 4; 6 for D = 6; 10, respectively [3]. As a con-
sequence, w4(x) gets larger at both small x and large x
regimes. (In fact it approaches 1 as x ! 0.) We extract















4 (x) is plotted against x for
N = 64, 128. The solid line represents −′4(x), which we















5 (x) is plotted against x for
N = 64, 128. The solid line represents −′5(x), which we
calculate from the scaling function 5(x) shown in Fig. 1.
In Fig. 2, we plot 1N2 f
(0)
4 (x) against x for N = 64; 128.
It is positive at x < 1 and turns negative at x > 1,
which is a consequence of the fact that (0)i (x) is peaked
at x = 1. We also plot −04(x). The intersections of
the two curves determine the zeroes of f4(x) and hence
the extrema of 4(x). At N = 128, we nd that the
distribution 4(x) has two peaks; one at x = x< < 1
and the other at x = x> > 1. The ratio of the peak
height R = 4(x<)=4(x>) can be written as R =
expfN2(A< − A>)g, where A< and A> are the area of
the regions surrounded by the two curves. We obtain
A<  5:0  10−4 and A>  4:5  10−3, from which we
conclude that the peak at x > 1 is dominant. From Fig.
3 we nd that the distribution 5(x) at N = 128 also has
two peaks; one at x < 1 and the other at x > 1. We
obtain A<  2:0 10−3 and A>  3:8 10−3, which are
comparable.
Discussion.— We have proposed a method to inves-
tigate the possibility that four-dimensional space time
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is dynamically generated in the IIB matrix model. The
space-time dimensionality is probed by the eigenvalues i
of the moment of inertia tensor and we study the distribu-
tion of each eigenvalue. The distribution (0)i (x) obtained
without the phase Γ has a single peak, which is located
at x = 1 due to the chosen normalization (7). Due to
the factorization property (9), the eect of the phase Γ
is nicely represented by the weight factor wi(x).
Our preliminary results for the 4-th and 5-th eigen-
values (i = 4; 5) in the D = 6 case shows that the cor-
responding weight factor wi(x) strongly suppresses the
peak of (0)i (x) at x = 1 and favours both smaller x and
larger x. As a result, we observe that the distribution
i(x) including the eects of the phase, in fact, has a
double peak structure. Moreover, the two peaks tend to
move away from x = 1 as N is increased. It is important
to determine which of the two peaks becomes dominant
in the large N limit. At N = 128, we observe that the
peak at x > 1 is dominant for both 4(x) and 5(x). We
note, however, that it is much more dominant for 4(x)
than for 5(x). Therefore it is possible that at larger N
the peak at x < 1 eventually dominates for i  5, while
the peak at x > 1 remains to be dominant for i  4. We
would like to investigate further this possible scenario for
the dominance of four-dimensional congurations.
Given that w4(x) and w5(x) seem to be qualitatively
similar, the possible dierence in the large N behaviors
of 4(x) and 5(x) should be attributed to the functions

(0)
4 (x) and 
(0)
5 (x). Let us recall that the low-energy ef-
fective theory of the IIB matrix model (and also the 6D
version studied here) is described by a branched-polymer-
like system [1]. It is well-known that the Haussdor di-
mension of a simple branched polymer is dH = 4, which
implies that such a system is not easy to collapse into a
conguration with dimensions d  3. According to this
argument, it is conceivable that (0)4 (x) is much more
suppressed in the small x regime than (0)5 (x) at large N .
It is also of interest to carry out a similar analysis
in D = 10. We should mention, however, that there
is an additional technical diculty due to the fact that
the fermion integral is given by a Pfaan in D = 10,
whereas in D = 6, it is given by a determinant. This
diculty can be avoided by considering a deformation of
the model by replacing eiΓ in (3) by e2iΓ [16]. In our
approach, the eect of such a deformation enters only
through the weight factor wi(x). The form of the scaling
function i(x) may change accordingly, but its general
properties are expected to be unaltered.
Our method to study the eect of the phase by Monte
Carlo simulations is based on the factorization property
(9) of the distribution, which is quite general [17]. We
hope that the method may be useful also for other inter-
esting systems, which are otherwise extremely dicult to
study due to the complex action problem.
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